In this paper, we discuss the variation of the numbers of the isomorphic classes of stable lattices when the weight and the level vary in a Hida deformation by using the Kubota-Leopoldt p-adic L-function. Then in Corollary 1.7, we give a sufficient condition for the numbers of the isomorphic classes of stable lattices in Hida deformation to be infinite.
Introduction
Fix a prime p ≥ 3. We denote by Q (µ p ∞ ) the extension of the field of rational numbers Q obtained by adjoining all p-power roots of unity. We fix a complex embedding Q ֒→ C and a p-adic embedding Q ֒→ Q p of an algebraic closure Q throughout the paper, where C is the field of complex numbers and Q p an algebraic closure of the field Q p of p-adic numbers. We fix a topological generator u of 1 + pZ p throughout the paper. We denote by Q ∞ the cyclotomic Z p -extension of Q. Let
be the p-adic cyclotomic character. Thus χ cyc is decomposed into the product χ cyc = κ cyc ω where the Teichmüller character. Let O ⊂ Q p be a commutative ring which is finite flat over Z p and let ψ be a Dirichlet character modulo M . We denote by S k (Γ 0 (M ) , ψ, O) the space of cusp forms of weight k, level M , Neben character ψ and Fourier coefficients in O. We also denote by the same symbol ψ the corresponding character of Gal (Q(µ M )/Q) ∼ = (Z/M ) × . For a group ∆ M which is isomorphic to Gal (Q(µ M )/Q), a Z p -module M which has a Z p -linear action of ∆ M and a character ε of ∆ M , we denote by
. In 1976, Ribet [16] proved the converse of Herbrand's theorem as follows: Theorem 1.1 (Ribet) . Let k be an even integer satisfying 2 ≤ k ≤ p−3 and B k the k-th Bernoulli number. We denote by Cl(Q(µ p ))[p ∞ ] the p-part of the ideal class group of Q(µ p ) on which the Galois group Gal(Q/Q) acts by functoriality.
The method of Ribet's proof is to construct a normalized Hecke eigen cusp
a(n, f )q n ∈ S 2 (Γ 0 (p), χ) which is congruent to Eisenstein series by the condition p divides B k . Then by using the Galois representation ρ f attached to f due to Deligne and Shimura, Ribet constructed an unramified p-extension of Q(µ p ) by using a canonical stable lattice (see Proposition 1.2 below) of ρ f . By extending Ribet's method, Mazur-Wiles [12] and Wiles [24] proved the Iwasawa main conjecture for Q and for totally real fields. The key lemma Ribet used, which is called "Ribet's lemma", is the following proposition: of a compact group G, letρ ss be the semi-simplification of the mod ̟ representation (see Section 2.1 below). Suppose ρ is irreducible andρ ss ∼ = ψ 1 ⊕ ψ 2 , where ψ 1 , ψ 2 : G → (O/ (̟)) × are characters. Then there exists a stable lattice T ⊂ V for whichρ T is the form ψ 1 * 0 ψ 2 but is not semi-simple.
Let f be a normalized Hecke eigen cusp form and ρ f : Gal(Q/Q) → GL 2 (K) the continuous irreducible representation attached to f , where K is the field Q p ({a(n, f )} n≥1 ). We denote by L(ρ f ) the set of the isomorphic classes of stable lattices of ρ f . Since ρ f is irreducible, ♯L(ρ f ) is finite (see (5) A cusp form f is called p-ordinary if its p-th Fourier coefficient a (p, f ) is a p-adic unit. Now we prepare some notations on Hida deformation. We fix a positive integer N prime to p and let χ be a primitive Dirichlet character modulo N p. If ζ ∈ µ p r (r ≥ 0) is a p r -th root of unity, we denote by χ ζ the Dirichlet character as follows:
Now let I be an integrally closed local domain which is finite flat over
and X I the set of homomorphisms defined as follows:
] be an I-adic cusp form (resp. I-adic normalized Hecke eigen cusp form) with character χ. That is,
is a p-ordinary cusp form (resp. p-ordinary normalized Hecke eigen cusp form) for all ϕ ∈ X I , where ζ ϕ is a primitive p rϕ -th root of unity. We denote by S ord (χ, I) the space of I-adic forms with character χ. Let T(χ, Λ χ ) the ring generated over Λ χ by all Hecke operators T (l) for all primes l. Then T(χ, I) = T(χ, Λ χ ) ⊗ Λχ I acts on the space S ord (χ, I). Let F be an I-adic normalized Hecke eigen cusp form and Frac(I) the field of fraction of I. Hida [8] proved that there is a continuous representation
such that for any ϕ ∈ X I , the residual representation ρ F (Kerϕ) (see Definition 2.8) is isomorphic to ρ fϕ .
From now on throughout the paper, we denote by φ the Euler function and we fix a positive integer N prime to p. Let χ be a primitive Dirichlet character modulo N p. Let I be the same as above with m the maximal ideal of I. We denote by S ord (χ, I), T(χ, I) the same as above. Let F be an I-adic normalized Hecke eigen cusp form. Now we are going to determine ♯L(ρ fϕ ) when ϕ varies in X I . Our result is the following theorem: Theorem 1.5. Suppose p ∤ φ(N ) and ρ F (m) ∼ = ψ 1 ⊕ ψ 2 such that ψ 1 (resp. ψ 2 ) is unramified (resp. ramified) at p. Assume the following condition:
(D) There exist Dirichlet characters χ 1 , χ 2 with relative prime conductors such that χ 1 χ 2 = χ, χ 1 = χ 2 ω and χ i = ψ i (i = 1, 2).
We enlarge I such that I is also finite flat over Λ χ1χ
. Then we have the following statements:
(1) For any ϕ ∈ X I such that ϕ(1 + X) = ζ ϕ u kϕ−2 , we have
where ̟ ϕ is a fixed uniformizer of ϕ(I) and L p (s, χ ζϕ χ
(2) Assume that (R) N = 1 and T(χ, Λ χ ) is isomorphic to Λ χ .
Then for any ϕ ∈ X I such that ϕ(1 + X) = ζ ϕ u kϕ−2 , we have
Assume the following conditions:
(P) The ideal generated by the Iwasawa power series (see Section 2.3 below)Ĝ χ −1 1 χ2 (X)I is a prime ideal in I. Then for any ϕ ∈ X I such that ϕ(1 + X) = ζ ϕ u kϕ−2 , we have
Theorem 1.5 will be proved at the end of Section 3.2. Now we discuss the boundedness of ♯L ρ fϕ when the weight and the level vary. When we fix an r ∈ Z ≥0 , we define X (r) I :
When we fix a ζ ∈ µ p ∞ , we define X I,ζ :
When we fix a k ∈ Z ≥2 , we define X I,k :
Corollary 1.6. Let the assumptions and the notations be as in Theorem 1.5. We denote byĜ * χ (X) the distinguished polynomial associated toĜ χ −1 1 χ2 (X). Then we have the following statements:
(1) There exists an integer r ∈ Z ≥0 such that
is bounded when ϕ varies in X
I , where rank Λχ I is the rank of the Λ χ -module I. (4) Assume the condition (R) or both of the conditions (C) and (P). For each ζ ∈ µ p ∞ , ♯L(ρ fϕ ) is unbounded when ϕ varies in X I,ζ if and only if
Corollary 1.6 will be proved in Section 3.3. Let L(ρ F ) be the set of the isomorphic classes of stable lattices of Hida deformation ρ F . Now we give a result of ♯L(ρ F ) answering Question 4.5 1 of [15] . Corollary 1.7. Let the assumptions and the notations be as in Theorem 1.5. Assume the conditions (D), (C) and (P). Further assume the following condition (F) There exists a stable lattice T which is free over I. Outline. The outline of this paper is as follows. In Section 2, we recall known results concerning the Bruhat-Tits tree of GL 2 , Hida deformation and KubotaLeopoldt p-adic L-function. These will be used frequently in Section 3. In Section 3, first we determine the number of isomorphic classes of stable lattices in a given p-adic representation by using the Bellaïche-Chenevier reducibility ideal I (ρ). Then we give the proof of the main results. In Section 4, we give two examples of Hida deformations associated to an I-adic normalized Hecke eigen cusp form F ∈ S ord ω k0−1 , I when (p, k 0 ) = (691, 12) and (547, 486).
Suppose that there exists a
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2 The Bruhat-Tits Tree, Hida deformation and p-adic L-function
The lattices and the Bruhat-Tits Tree
Let A be a commutative integral domain with field of fractions K = Frac(A) and V a n-dimensional K-vector space. We say an A-submodule T of V is a lattice of 
of a compact group G, we say that T is a G-stable lattice of V if T is a lattice and ρ(G)T = T . This means that T is also an O[G]-module. Since G is compact, there exists a G-stable lattice in V (see [18] pp.1-2). We denote by ρ T the representation
and byρ T the representation ρ T mod ̟ as follows:
For stable lattices T and T ′ , the representationρ T ,ρ T ′ can be non-isomorphic to each other. However the semi-simplificationρ ss T ofρ T is isomorphic toρ ss T ′ by the Brauer-Nesbitt theorem. We denote byρ ss the semi-simplification ofρ T . Now following [17] and [4] , we introduce the graph structure of lattices which will be used to prove Proposition 3.4. From now on to the end of this section we assume n = 2.
For a lattice T of V , we denote by [T ] = { xT | x ∈ K × } the equivalence class up to homotheties. Let X be the set of all [T ] where T is a lattice. We say that a point x ′ in X is a neighbor of a point x ∈ X if x ′ = x and there are lattices T,
In this way one defines a combinatorial graph structure on X . Now we recall some basic notions on the tree X . Let x, x ′ ∈ X . A path without backtracking from x to x ′ , which is denoted by Path x,x ′ is a sequence x = x 0 , x 1 , ..., x n = x ′ of points in X such that x i is a neighbor of x i+1 and x i = x j if i = j. We define the integer n = d(x, x ′ ) ≥ 0 to be the distance between x and x ′ . Let x = [T ] and we fix a positive integer n, then there is a natural bijection between the set of the points
We denote by X (ρ) the set of X that are fixed by ρ(G). We summarize some results on X (ρ): (6) Assume that ρ is irreducible andρ
The assertion (6) easily follows from the assertions (1), (4) and (5) 
I-adic forms and Galois representations
In this section, we review some fundamental results on I-adic cusp forms and their Galois representations. For more detail on this theory, the reader can refer to Chapter 7 of [9] .
Recall that I is an integrally closed local domain which is finite flat over
, where χ is a primitive Dirichlet character modulo N p. We denote by X Λχ and X I the sets of homomorphisms defined as follows:
If ζ ∈ µ p r (r ≥ 0) is a primitive p r -th root of unity, let
be the character associated to ζ.
] an I-adic form (resp. I-adic normalized Hecke eigen cusp form) with Dirichlet character χ if for each ϕ ∈ X I with ϕ | Λχ = ν kϕ,ζϕ such that ζ ϕ is a primitive p rϕ -th root of unity,
is the q-expansion of a p-ordinary cusp form (resp. p-ordinary normalized Hecke eigen cusp form).
We also denote by ϕ (F ) the above cusp form f ϕ . Recall that S ord (χ, I) is the space of I-adic forms with Dirichlet character χ. . Let ζ ∈ µ p r (r ≥ 0) be a primitive p r -th root of unity and χ ζ the character associated to ζ. Let
be a p-ordinary normalized Hecke eigen cusp form of weight k ≥ 1. Then there exist an integrally closed local domain I which is finite flat over Λ χ , an I-adic normalized Hecke eigen cusp form F ∈ S ord (χ, I) and a ϕ ∈ X I such that ϕ(F ) = f . 1. ρ F is unramified outside N p.
For the geometric Frobenius element Frob
We have the following local property due to Mazur and Wiles:
. With the same notations as above, the restriction of ρ F to the decomposition group D p = Gal Q p /Q p is given up to equivalence by
with ε 1 unramified and ε 1 (Frob p ) = c(p, F ).
Definition 2.8. For a prime ideal P of I, a Galois representation
is called a residual representation of ρ F modulo P if ρ F (P) is semi-simple, continuous under the m-adic topology of Frac (I/P) and satisfies the following properties:
1. ρ F (P) is unramified outside N p.
Although ρ F may not have Gal(Q/Q)-stable lattice which is isomorphic to I ⊕2 , the following fact is well-known (see [9, §7.5, Corollary 1] for example).
Propostion 2.9. For every prime ideal P, the residual representation ρ F (P) exists and is unique up to isomorphism over an algebraic closure of Frac(I/P).
Kubota-Leopoldt p-adic L-function
Now we recall some facts about the Kubota-Leopoldt p-adic L-function. Let ψ be an arbitrary Dirichlet character. Kubota-Leopoldt (see [10, §3, Theorem 2]) showed that there exists a p-adic continuous function L p (s, ψ) for s ∈ Z p − {1} (also continuous at s = 1 if ψ is non-trivial) with the following interpolate property for k ≥ 1:
Iwasawa [10, §6] showed that there exists a unique power series
We definê
for later reference.
3 Proof of Theorem 1.5 and its corollaries
Calculation of ♯L(ρ) by means of I(ρ)
For a given p-adic representation ρ, recall that L(ρ) is the set of the isomorphic classes of stable lattices of ρ. First we determine ♯L(ρ) in this section. The following lemma is proved by Bellaïche-Chenevier [3] . G → k × are characters. Let g 0 ∈ G be an element satisfying ψ 1 (g 0 ) = ψ 2 (g 0 ) and λ 1 , λ 2 ∈ A the roots of the characteristic polynomial of ρ(g 0 ). Choose a basis {e 1 , e 2 } of the representation ρ such that ρ(g 0 )e i = λ i e i (i = 1, 2). Write
Let I A be an ideal such that there exist two characters 
with respect to the basis taken as in Lemma 3.1. We define I(ρ) the ideal of A which is generated by
The ideal I(ρ) is well-defined by Lemma 3.1. Under the above preparation, we are ready to determine ♯L(ρ) of a p-adic representation ρ. Assume that trρ mod
where
This proposition is a special case of Bellaïche-Graftieaux [5, Théorème 4.1.3] (see also the remark immediately after it), but we give the proof here for selfcontaining.
Proof. We first show ord
Since ρ is irreducible, we have B = (0). Since ρ is continuous and G is compact, there exists a stable lattice. This implies B = (̟) r for an integer r.
If we replace
and we denote by the same symbol ρ for this new representation. Then we have the following properties for the new ρ:
(1) ρ takes values in GL 2 (O) by Lemma 3.1.
We denote by the same symbol B (resp. C) the ideal of O which is generated by new b(g) (resp. new c(g)) for all g ∈ G. Since BC = I(ρ) by Lemma 3.1 and B = O by (1), we must have C = I(ρ) = (̟) n for a positive integer n. This also means that we have chosen a stable lattice T such that
and T /̟T is not semi-simple. By reduction mod (̟) i (i = 1, 2, . . . , n), we obtain the G-stable lattices
are two characters. Thus I (ρ) ⊂ (̟) m by Lemma 3.1 and ♯X (ρ) ≤ ord ̟ I(ρ)+1. Next we prove ♯X (ρ) = ♯L(ρ). Suppose ♯X (ρ) = n + 1. Since X (ρ) is a segment, by Section 2.1 there exist T 0 , T 1 , . . . , T n the representatives of the points in X (ρ) such that
(ii) T 0 , T n are mod ̟ not semi-simple lattices and the others are not.
Thus it is sufficient to show that for i = j, T i and T j are non-isomorphic to each other as O[G]-modules.
Suppose we have
as an O[G]-module. Thus there is no mod ̟ not semi-simple stable lattice T such that T /̟T has a submodule which is isomorphic to
. This contradicts to the Ribet's lemma (Proposition 1.2).
-modules for some 0 < i < j < n. Since T 0 is a mod ̟ not semi-simple lattice and T 0 , T n are non-isomorphic
On the other hand, [T 0 ] is an edge of the segment X (ρ), there exists an unique point y ∈ X (ρ) such that d ([T 0 ], y) = i. This contradicts to i = j.
Now we give an example by using Proposition 3.4 to determine ♯L(ρ f ), where ρ f is the Galois representation attached to a normalized Hecke eigen cusp form f . Let ∆ ∈ S 12 (SL 2 (Z)) be the Ramanujan's cusp form, whose q-expansion is equal to q
τ (n)q n and
the Galois representation attached to ∆.
Propostion 3.5. The ideal I(ρ ∆ ) ⊂ Z p defined as in Definition 3.3 is the minimal ideal such that there exists an integer a ∈ Z such that for any prime
Proof. We denote by Q {p,∞} be the maximal Galois extension of Q which is unramified outside { p, ∞ } and by
Since ρ ∆ is unramified outside p, ϑ 1 and ϑ 2 must factor through Gal (Q (µ p ∞ ) /Q) by class field theory. Thus ϑ 1 and ϑ 2 must be power of mod I(ρ ∆ ) p-adic cyclotomic character χ cyc mod I (ρ ∆ ). For the geometric Frobenius element Frob l with prime l = p, we have χ cyc (Frob l ) = l and det(Frob l ) = l 11 . Thus the proposition follows by the Chebotarev's density theorem.
Serre and Swinnerton-Dyer showed thatρ ∆ is reducible if and only if p = 2, 3, 5, 7 and 691 (see [19, Corollary to Theorem 4]). [20] also showed the congruence mod p n for p = 3, 5, 7 and 691 (see [20] , page 77 for p = 691, Theorem 4 for p = 5, 7 and the table after Theorem 6 for p = 3). Then combined with our arguments, we have the following table for odd primes. 
The relation between I(ρ F ) and the Iwasawa power series
Let us take an I-adic normalized Hecke eigen cusp form F . Let the notations and the assumptions be as in Theorem 1.5. We denote by γ a topological generator of Gal (Q ∞ /Q) such that κ cyc (γ) = u and by κ the universal cyclotomic character as follows:
where 1 + pZ p ֒→ Λ × χ is the homomorphism defined by sending u to 1 + X. Write η = detρ F for short. By Theorem 2.7, we have
with ε 1 unramified. Recall that ρ F (m) ∼ = χ 1 ⊕ χ 2 . Then for any g ∈ D p , { ε 1 (g), ε 2 (g) } and { χ 1 (g), χ 2 (g) } are the set of the roots of the mod m characteristic polynomial of ρ F (g): X 2 − trρ F (g)X + detρ F (g) mod m, hence they must be coincide. Thus ε 1 = χ 1 | Dp and ε 2 = χ 2 | Dp under the assumption that χ 1 (resp. χ 2 ) is unramified (resp. ramified). We denote by I p the inertia group of p and we choose a g 0 ∈ I p such that χ 1 (g 0 ) = χ 2 (g 0 ).
Let {e 1 , e 2 } be a basis of Frac (I) ⊕2 such that
Write
for any g ∈ Gal(Q/Q). We have a(g), d(g) and b(g)c(g ′ ) ∈ I for any g, g ′ ∈ Gal(Q/Q) by Lemma 3.1. Recall that I(ρ F ) is the ideal of I generated by b(g)c(g ′ ) for all g, g ′ ∈ Gal(Q/Q). Since ρ F (m) is reducible, we have I (ρ F ) ⊂ m by Lemma 3.1.
Lemma 3.6. Let us take the basis of Frac(I)
⊕2 to be the same as the beginning of this section. For any ϕ ∈ X I , let ̟ ϕ be a fixed uniformizer of ϕ(I). Then ord ̟ϕ (ϕ(I(ρ F ))) + 1 = ♯L(ρ fϕ ).
Proof. For any ϕ ∈ X I , we denote by P = Ker ϕ and by I P the localization of I at P. Then I P is a discrete valuation ring with θ a fixed uniformizer of I P . For the Galois representation
let B be the I P -submodule of Frac(I P ) generated by b(g) for all g ∈ Gal Q/Q . Since ρ F is irreducible, B = (0). Since ρ F is continuous, by Definition 2.5 there exists a lattice T ⊂ Frac(I) ⊕2 which is stable under Gal(Q/Q)-action. Then T P = T ⊗ I I P is a stable lattice of ρ P and Im ρ P is bounded. This implies B = (θ) n for an integer n.
We replace ρ P by 1 0 0
and we denote by the same symbol ρ P for this new Galois representation. Then Im ρ P ⊂ GL 2 (I P ) for new ρ P . We also denote by the same symbol a(g), b(g), c(g), d(g) such that
We denote by ρ ϕ the Galois representation
and by ρ fϕ the Galois representation associated to f ϕ . Since trρ ϕ (Frob l ) = trρ fϕ (Frob l ) and detρ ϕ (Frob l ) = detρ fϕ (Frob l ) for all primes l ∤ N p, we have ρ ss ϕ ∼ = ρ ss fϕ by the Chebotarev density theorem. Since ρ fϕ is irreducible, so is
, we have I ρ fϕ = ϕ (I (ρ F )) by the definition of I ρ fϕ . Thus the statement follows from Proposition 3.4.
Lemma 3.7. Let us take the basis of Frac(I)
⊕2 to be the same as the beginning of this section and let η 1 = χ 1 , η 2 = χ 2 κ cyc κ. Let J be the ideal of I generated by trρ F (g) − η 1 (g) − η 2 (g) for all g ∈ Gal Q/Q and J ′ the ideal generated by a(g) − η 1 (g) for all g ∈ Gal Q/Q . Then we have the following statements:
(2) Suppose N = 1. Then ρ F (m) ∼ = 1 ⊕ χ, where 1 is the trivial character.
We denote byã : Gal (K/Q) ֒→ (I/I(ρ F )) × the induced homomorphism. For all g ∈ Gal Q/Q , we denote by g the image of g under Gal Q/Q ։ Gal (K/Q). Write a(g) = η 1 (g) (1 + m(g)) where m(g) ∈ m. Thenã(g) = η 1 (g) mod I(ρ F ) · (1 + m(g)) mod I(ρ F ). Note that a mod I (ρ F ) is unramified outside N by the equation (1), hence K is a subfield of Q(µ N ) by class field theory. On the other hand, the kernel of the map (I/I(ρ F )) × → (I/m) × is a pro-p group, thus (1 + m(g)) mod I(ρ F ) must be trivial under the assumption p ∤ φ(N ). This implies η 1 (g) ≡ a(g) mod I(ρ F ), hence J ′ ⊂ I(ρ F ). Specially when N = 1, we have that a mod I (ρ F ) is an unramified character. Thus a mod I (ρ F ) is trivial by class field theory. Lemma 3.7 tells us that I(ρ F ) is a closed ideal in I under the m-adic topology.
Propostion 3.8. Let us take the basis of Frac(I)
⊕2 to be the same as at the beginning of this section. Let L ∞ , L ∞ (N p) be the maximal unramified abelian p-extension of Q (µ N p ∞ ) and the maximal abelian p-extension unramified outside N p of Q (µ N p ∞ ). We denote by X ∞ = Gal (L ∞ /Q (µ N p ∞ )) and by
acts by conjugation. Then we have the following statements:
(2) Suppose the Λ χ1χ 
Proof. Recall that κ is the character Gal
Let η 1 = χ 1 and η 2 = χ 2 κ cyc κ. We have that η 1 (g) ≡ a(g) mod I(ρ F ) and η 2 (g) ≡ d(g) mod I(ρ F ) for all g ∈ Gal Q/Q by Lemma 3.1 and Lemma 3.7. We prove the proposition by using Wiles' construction (cf. [24, Section 6]) of an uramified extension N ∞ of Q(µ N p ∞ ).
Let B (resp. C) be an I-submodule of Frac(I) generated by b(g) (resp. c(g)) for all g ∈ Gal Q/Q . Since c(g)B and b(g)C are ideals of I for all g ∈ Gal Q/Q by Lemma 3.1, B and C are finitely generated. We denote by b the function
and we endow B with the m-adic topology.
Claim 1. b is continuous.
Proof. Since ρ F is continuous, by Definition 2.5 there exists a lattice T ⊂ Frac(I) ⊕2 which is stable under Gal(Q/Q)-action such that ρ F : Gal(Q/Q) −→ Aut I (T ) is continuous with respect to the m-adic topology of Aut I (T ). We denote by V i = Frac(I)e i and by
For any xe 1 ∈ T 1 and ye 2 ∈ T 2 , we have
We also have b (g) ye 1 ∈ T 1 by the same argument. This implies that T 1 ⊕ T 2 is also a stable lattice of Frac (I) ⊕2 . We replace T with T 1 ⊕ T 2 . The representation ρ F : Gal(Q/Q) −→ Aut I (T ) is also continuous by the Artin-Rees lemma. We may regard B as an I-submodule of Hom I (T 2 , T 1 ) via the injective homomorphism as follows:
for all ye 2 ∈ T 2 . Then b is the following map:
The homomorphism Aut I (T ) → Hom I (T 2 , T 1 ) is continuous under the m-adic topology, hence b is continuous.
Define b the following homomorphism:
Let N ∞ be the abelian extension of Q (µ N p ∞ ) corresponding to Ker b and we denote by the same symbol b
For any h ∈ Gal Q/Q and g ∈ Gal Q/Q (µ N p ∞ ) , a matrix calculation shows that
The above arguments tell us that b (G) is a Λ χ1χ
Proof. The injectivity follows from the assumption that I is flat over Λ χ1χ
by applying the base extension ⊗ Λ
I. This completes the proof of Claim 2. We fix the Iwasawa-Serre isomorphism as follows:
Then we have the following I-homomorphisms:
By taking the Fitting ideal, we have the inclusion relation as follows:
By the Iwasawa main conjecture (Theorem of Mazur-Wiles) we have
. This completes the proof of (1) of the proposition. Similarly, we denote by M ∞ (N p) the abelian extension of Q (µ N p ∞ ) corresponding to
I → C/I(ρ F )C induced by c is an isomorphism by the same arguments as in Claim 2. Hence we have the surjective homomorphism as follows:
Note that in the equation (5), we endowed Y -module structure under the isomorphism as follows:
By the equations (4) and (5), there exists a g B ∈ X ∞ (resp. g C ∈ Y ∞ ) such that B/I(ρ F )B (resp. C/I(ρ F )C) is generated by b(g B ) (resp. c(g C )). By Nakayama's lemma, B (resp. C) is generated by b(g B ) (resp. c(g C )) over I.
Define the Eisenstein ideal I(χ, I) the ideal of T(χ, I) which is generated by T (l) − 1 − η(Frob l ) for all primes l = p and T (p) − 1.
Corollary 3.9. Let the assumptions and the notations be as in Theorem 1.5. Assume the condition (R). We have I (ρ F ) =Ĝ χ (X) I.
) is isomorphic to I by the assumption (R). Since N = 1, I (ρ F ) is generated by c(l, F ) − 1 − η(Frob l ) for all primes l = p by Lemma 3.7 and the Chebotarev density theorem. We also have c(p, F ) − 1 = ε 1 (Frob p ) − 1 = a(Frob p ) − 1 ∈ I (ρ F ) by Theorem 2.7 and Lemma 3.7. Thus the canonical isomorphism I → T(χ, I) sends I (ρ F ) to the Eisenstein ideal I(χ, I). On the other hand, the canonical homomorphism
is an isomorphism by [24, Theorem 4.1] . This implies I (ρ F ) ⊂Ĝ χ (X) I. Hence they must be coincide by Proposition 3.8.
The next corollary is obviously deduced from (2) of Proposition 3.8.
Corollary 3.10. Let the assumptions and the notations be as in Theorem 1.5. Assume the conditions (C) and (P). We have I (ρ F ) =Ĝ χ (X) I. Now we prove Theorem 1.5.
Proof of Theorem 1.5. For any ϕ ∈ X I , let ̟ ϕ be a fixed uniformizer of ϕ(I). Then
by (1) of Proposition 3.8. Since χ 1 = χ 2 ω, the character χ ζϕ χ
by Section 2.3. Combine Proposition 3.4 and Lemma 3.6 we have
1 χ 2 ω) + 1. If we assume the condition (R) or both of the conditions (C) and (P), we have I (ρ F ) =Ĝ χ −1 1 χ2 (X) I by Corollary 3.9 and Corollary 3.10. Then
Specially when (R) satisfied, χ 1 = 1 and χ 2 = χ by Lemma 3.7. This completes the proof of Theorem 1.5.
Discussion of the variation of ♯L ρ fϕ by means of L p
We use the following lemma to prove Corollary 1.6. 
where ζ is a primitive p r ζ -th root of unity.
Proof. Decompose
and choose an integer r ≥ 0 such that ord
where exp and log are the p-adic exponential and logarithm functions. Thus
Let us return to the proof of Corollary 1.6.
Proof of Corollary 1.6. For (1) it is sufficient to show that there exists an r ∈ Z ≥0 such that for any ϕ ∈ X (r)
by the FerreroWashington's theorem [7] , the Weierstrass preparation theorem enables one to decomposeĜ
(X) is a distinguished polynomial and U (X) a unit in Λ χ −1 1 χ2 . We apply Lemma 3.11 toĜ * χ (X) . Then there exists an r ∈ Z ≥0 such that for
where ϕ | Λχ = ν kϕ,ζϕ and ζ ϕ is a primitive p rϕ -th root of unity such that r ϕ > r.
Let us take a ϕ ∈ X (r)
I . For the extension of the discrete valuation rings
≤ rank Λχ I, so is the ramification index e ϕ . Since r ϕ > 0, the ramification index in the extension
Then by the equation (6), we have
This completes the proof of (1) 
where P i (X) is a distinguished polynomial and
We apply Lemma 3.11 to F (X). Then there exists an r 1 ∈ Z ≥0 such that for any ϕ ∈ X
We denote by ζ m a primitive m-th root of unity for a positive integer m. Let r 2 be the largest integer j such that ζ p j ∈ K and let us take a ϕ ∈ X (r2) I . Write K ϕ = Frac (ϕ (I)) for short. First we assume r 2 > 0. Then we have
, the residue degree in K ϕ /Q p (ζ ϕ ) and K/Q p (ζ p r 2 ) coincide, so are the ramification index. Hence the ramification index of K ϕ over Q p is e(p − 1)p rϕ−1 , where e is the ramification index of K over Q p (ζ p r 2 ). If
. Then the argument above also holds, i.e. there exists a constant e such that the ramification index of K ϕ over Q p is e(p−1)p rϕ−1 . Note that e is the ramification index of
and let us take an r 3 ∈ Z ≥0 such that for any i / ∈ Z,
Let r ′ = max { r 1 , r 2 , r 3 } and let us take a ϕ ∈ X (r ′ ) I . Then we have
Since the ramification index of K ϕ over Q p is e(p − 1)p rϕ−1 , we have
for each 1 ≤ i ≤ n by the equation (7). Thus
by the equation (8) . Combine the equation (9) and (11), we have that ♯L(ρ fϕ ) = el + 1 is constant. This completes the proof of (3) of Corollary 1.6. Now we assume the condition (R) or both of the conditions (C) and (P). We (2) and (3) of Theorem 1.5. We fix a ζ ∈ µ p ∞ . First we assume that L p (1 − s, χ ζ χ −1 1 χ 2 ω) has a zero s 0 ∈ Z p . Let {k n } be the sequence defined as follows:
Then ♯L(ρ fϕ ) is unbounded when k ϕ runs over the sequence k n . Now we suppose that L p s, χ ζ χ −1 1 χ 2 ω has no zero in Z p and we prove that ord ̟ϕ
1 χ 2 ω is unbounded. Then there exists a sequence {k n } such that k n ≥ 2 and
Since Z p is compact and L p is a continuous function, L p s, χ ζ χ −1 1 χ 2 ω must have zero in Z p which contradicts to our assumption. Hence ♯L(ρ fϕ ) is bounded. This completes the proof of (4) of Corollary 1.6.
Proof of Corollary 1.7
We denote by F the residue field I/m. The following lemma is a generalization of the arguments in [11, Appendix I ] for more general settings.
Lemma 3.12. Let the assumptions and the notations be as in Theoren 1.5. Assume the conditions (D), (C), (P) and (F). Let T be a stable lattice which is free over I. Then T ⊗ I ϕ(I) is a mod ̟ ϕ not semi-simple lattice for any ϕ ∈ X I .
Proof. We have I (ρ F ) =Ĝ χ −1 1 χ2 (X)I under the conditions (D), (C) and (P) by Corollary 3.10. Let us take a stable lattice T ∼ = I ⊕2 and we consider the following representation:
1 χ2 (X)I for short. The condition (P) enables us to define Frac (I/L) and Frac (I/L) is of characteristic zero by the Ferrero-Washington theorem. We denote by ρ mod L the representation as follows:
Since trρ mod L is the sum of two characters, we have ρ mod L is reducible by the Brauer-Nesbitt theorem. Let {v 1 , v 2 } be a basis corresponding to ρ mod L such that (I/L) v 1 is stable under ρ mod L. Letṽ i ∈ T be a lift of v i (i = 1, 2). Since I is complete under the m-adic topology, T is generated byṽ 1 andṽ 2 over I. Since n m n = (0), we have T = Iṽ 1 ⊕ Iṽ 2 . Thus T ′ = Iṽ 1 ⊕ Lṽ 2 is also a stable I-free lattice and T /T ′ ∼ = I/Ĝ χ −1 1 χ2 (X)I. For any ϕ ∈ X I , we denote by T, T ′ the lattices T ⊗ I ϕ(I), Under the above preparation, we return to the proof of Corollary 1.7.
Proof of Corollary 1.7. Let us take an m ∈ Z >0 . Let ζ ∈ µ p ∞ such that
Now we fix such ϕ and we denote by P = Ker ϕ. Let T be the stable lattice which satisfies the condition (F). We denote by T = T ⊗ ϕ(I) and let π : T ։ T ⊗ ϕ(I) = T be the reduction map. We have T is a mod ̟ ϕ not semi-simple by Lemma 
Examples
Let O be the ring of integers of a finite extension of Q p and f ∈ S k (Γ 0 (M ), ε, O) a newform. Assume that the eigenvalue a(p, f ) of f for the Hecke operator T p is a p-adic unit. We define f * ∈ S k (Γ 0 (M p), ε, O) by f * = f (q) − βf (q p ), where β is the unique root of x 2 − a(p, f )x + ψ(p)p k−1 with p-adic absolute |β| < 1. We call this f * the p-stabilized newform associated to f . Let (p, k 0 ) be the irregular pair such that p | B k0 . We give two examples as follows:
1. (p, k 0 ) = (691, 12). Let ∆ ∈ S 12 (SL 2 (Z)) be the Ramanujan's cuspform.
Since dim C S 12 (SL 2 (Z)) = 1, there exists an unique Λ-adic normalized Hecke eigen cusp form F ∈ S ord (ω 11 , Λ) such that . Hence I (ρ F ) =Ĝ ω 11 (X)I by Corollary 3.9. The ideal generated by the Iwasawa power series Ĝ ω 11 (X) is equal to (X − a ω 11 ) with a ω 11 ∈ pZ p \ p 2 Z p which is calculated by Iwasawa-Sims (see [22, §1] ). Then we have the following statements:
(i) ♯L(ρ fϕ ) is unbounded when ϕ varies in X Λ,1 by (4) of Corollary 1.6.
(ii) ♯L(ρ fϕ ) = 2 is constant when ϕ varies in X
Λ by (1) and (3) of Corollary 1.6.
(iii) For each k ≥ 2, ♯L(ρ fϕ ) is bounded with maximum value ord p (L p (1− k, χω)) + 1 when ϕ varies in X Λ,k by (i) and (ii).
(iv) Since I = Λ is a regular local ring, for a stable Λ-lattice T , we have that
is a Λ-free lattice. Hence the condition (F) is satisfied and we have ♯L(ρ F ) = ∞ by Corollary 1.7.
Remark 4.1. [11, Appendix II] tells us that for the irregular pair (p, k 0 ) with p < 10 7 and k 0 < 8000 such that p | B k0 , T(χ, Λ) is isomorphic to Λ except for (p, k 0 ) = (547, 486). Hence we can apply Theorem 1.5 (2) for these pairs. with a ω 485 ∈ pZ p \ p 2 Z p which is calculated by Iwasawa-Sims (see also [22, §1] ). Then ♯L(ρ fϕ ) ∈ {2, 3} when ϕ varies in X (0) I by (1) of Corollary 1.6. The condition (C) satisfied for F (this is because the Vandiver's conjecture is true for p = 547), thus I(ρ F ) is a principal ideal which is generated by a factor of X − a ω 485 in I by Corollary 3.10. The same holds for F ′ .
